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ABSTRACT 
Let A be the skew-symmetric matrix attached to a symmetric two-person zero-sum 
game G. Then G is completely mixed (i.e., both players must make some use of every 
strategy) if and only if the principal Pfaffians of A alternate in sign. 
It is approximately 50 years since the previous paper with this title 
appeared [4]. Right at the end of the paper there was a question begging to 
be asked and answered: Is there a generalization to skew-symmetric matrices 
of any size of the result stated for the 5 X 5 case? There is. 
THEOREM 1. Let A be a real n X n skew-symmetric matrix, n odd, and 
let G be the two-person zero-sum game attached to A. Then G is completely 
mixed if and only afthe principal Pfaflians pl, . . . , P,~ of A are all nonzero and 
alternate in sign. In that case the unique good strategy for each player is 
proportional to p,, -p2, p,, -p4,. . . . 
REMARKS. 1. The determinant of a skew-symmetric matrix of even size is 
a perfect square. The Pfaffan is a square root, with a convention for the sign. 
Two references are [l, pp. 82-841 and 12, p. 1991. 
2. Delete the ith row and ith column from A. The result is a skew- 
symmetric matrix of even size. Its Pfaffian pi is what we are calling the ith 
principal Pfaffian of A. 
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The following lemma provides the crucial information that is needed. It is 
known, but I cannot cite a convenient reference. However, I am indebted to 
J. J. Seidel and his colleague H. A. Wilbrink for calling my attention to the 
fact that it is stated on page 99 of 131. 
I shall place the lemma in its natural context by working over an arbitrary 
commutative ring. To remove possible ambiguity I use the term “alternate” 
rather than “skew-symmetric” to ensure the understanding that the diagonal 
elements are to be 0. 
LEMMA 1. Let B be an n X n alternate matrix over a commutative ring, 
n odd. Let mij denote the subdeterminant obtained from B by deleting its ith 
row and jth column. Let p,, . . . , p, be the principal PfaafSrians of B, defined as 
above. Then mij = p, pj for all i andj. 
Proof. The proof will actually be carried out in the “generic” case. This 
means that the ring is taken to be the ring of polynomials with integral 
coefficients in n(n - 1)/2 variables xii (i,j = 1,. . . , n, i <j> and B is the 
alternate (or skew symmetric-the two notions are now the same) matrix 
with entries xij above the diagonal and their negatives below. 
That rnfj = pzp; is well known. For instance, this is a special case of [6, 
Theorem 8.4, p. 121. I note that Macduffee quotes Kowalevski [5, p. 1241. 
Thus mij = &pi pj. So mij and pi pj are polynomials that are either equal or 
negatives of each other. To distinguish which is the case, it suffices to 
specialize the variables appropriately. We choose the obvious specialization: 
setting each xij equal to 1. Write D for the resulting matrix. 
This calls for us to evaluate the Pfaffian of an alternate matrix E of even 
size, say T X r, with 1s above its diagonal. We assert that the Pfaffian of E is 
1. This can be seen by applying elementary transformations to E (elementary 
transformations leave Pfaffians unchanged). To the Srd, 4th,. . . , rth columns 
of E add the first column plus the negative of the second column and follow 
this by the corresponding row operations. This converts E to 
/ 0 1 0 *.. o\ 
-1 0 0 *** 0 
0 0 
. . . . . . F 
\o 0 / 
where F, like E, is an alternate matrix with Is above the diagonal. By 
induction the Pfaffian of F is 1, and it follows that the Pfaffian of E is 1. 
We return to the matrix D. We now know that its principal Pfaffians are 
all 1 and it remains to show that mij is 1. Let G be the adjoint matrix of D. 
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Note that the diagonal elements of G are all 1. Let t be the column vector of 
length n that starts with 1 and continues with - 1 and 1 alternating. One 
readily sees that Dt = 0. Since D has rank n - 1, any column vector that 
right-annihilates D is proportional to t. Then, since DC = 0, we see that G 
consists of Is and - 1s in a checkerboard pattern. This says that the cofactor 
cij = (- I)“+j. Since cij = (- I)‘+jmij, we get mij = 1. This concludes the 
proof of the lemma. ??
PROOF OF THEOREM 1. Suppose that G is completely mixed. Then, by 
[3, Theorem 51, the cofactors of A are all nonzero and have the same sign. By 
Lemma I, the cofactors along the first column are pf, -p, p,, p, pa,. . . . It 
follows that the ps alternate in sign. 
Suppose that the ps are nonzero and alternate in sign. This implies that 
(- l)‘+jpi pj is positive. By Lemma 1, we get that (- l)‘+jmij is positive, i.e., 
all cofactors are positive. By [3, Theorem 51 again, G is completely mixed. 
When G is completely mixed, the unique good strategy for each player is 
a vector annihilating A. Such a vector must be proportional to the first 
column of cofactors and therefore to p,, -p,, p,, -p,, . . . . ??
To conclude this note I offer an illustrative example. Let H be an 
alternate matrix of odd size with (- l)“+j as the i, j element above the 
diagonal. Then the game attached to H is completely mixed. To see this, note 
that the vector consisting entirely of Is is annihilated by H. Hence all the 
entries of the adjoint matrix of H are equal. They cannot all be 0. Indeed, an 
alternate matrix of even size with all its off-diagonal entries equal to +_ I has 
determinant 1 mod 2. 
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